Basics of Polynomials

A polynomial is what we call any function that is defined by an equation
of the form

1

p(z) = apz”™ + ap12" " + - -+ a1 + ag

where a,,, a,_1, ...a1,a9 € R.

Examples. The following three functions are examples of polynomials.

e p(r) = —22% —mx + v/2 is a polynomial. We could rewrite p(z) as
p(l’) - (_2)1'2 + (—77)1' + (\2/5), SO ay = —2, a1 = —m, and ay = \2/§

e p(z) = 3z* — 3z is a polynomial. Notice that
p(z) = (3)z*+ (0)2® + (0)2* + (—3)z+(0),s0 as = 3, a3 = 0, a2 = 0, a1 = —1,
and ag = 0.

e p(r) = 15 is a polynomial. Here ay = 15.

Coefficients, degree, and leading terms

The numbers a,,a,_1,...a1,ayp € R in the definition of a polynomial are
called the coefficients of the polynomial. A coefficient a; is called the degree
k coefficient.

We almost always write a polynomial as p(z) = a,2" + a, 12" 1+ -+ +
a1x + ag where a,, # 0. That means we never really write a polynomial as
022 + 3z, although it is technically a polynomial. It would just be silly to
write 0z + 3z instead of 3z, since they are equal.

If we write a polynomial as p(z) = a,2" + a,_12" 1 + - - - + a1z + ap where
a, # 0, then n is the degree of p(z), a, is the leading coefficient of p(x), and
a,x" is the leading term of p(x).

For example, the leading coefficient of 423 — 522+ 62 —7 is 4. Its degree is 3,
and its leading term is 42°. Notice that the leading term of 42% — 522 +6x — 7
records both the leading coefficient and the degree of 42® — 522 + 62 — 7.

If the degree of a polynomial is small, there is usually a word to describe it.
For example, degree 0 polynomials are called constant polynomials. Degree

1 polynomials are called linear polynomials...
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degree common example leading leading
name coefficient term

0 constant 2 2 2

1 linear 3r—1 3 3

2 quadratic 2? +2x — 4 1 z?

3 cubic —z% -z —1 —3

4 quartic %1‘4 — 23 +1 % %x‘l

5) quintic —37° + 2% — 12 -3 —32°

Watch out for this trick. The leading coefficient of 3+ 227 is 2, its leading
term is 22°, and its degree is 5. Such a polynomial is most often written as
225 + 3, but changing the way it’s written does not change its degree, leading
coefficient, or leading term.

The degree is the biggest exponent above any of the x’s. If the degree of
a polynomial equals n, then the leading coefficient is the coefficient in front
of ", whether it’s the first number written on the left of the polynomial or
not.

Addition, subtraction, and multiplication

Adding, subtracting, and multiplying polynomials usually boils down to an
exercise in using the distributive law.

Examples in addition and subtraction. To add or subtract the polyn-
imials
p(z) = 32° — 72° + 427 — 2
and
q(z) = z* — 22% + 322 — 5
you just have to pair up the coefficients whose degree is the same, and then

add or subtract each pair.
117



Thus, p(x) + q(z) equals
B (0t (-7t + @t (et (-2)]

[ @+ @+ (-22'+ @+ Ozt (-5)]

=(34+0)2° + 0+ Dz + (=7 + (=2)2* + (4 4+ 3)2* + (0+ 0)x + (=2 + (=5))
=32° + a2t — 93+ T? — 7

and p(z) — q(z) equals

[ (3)x® + + (-D2* +  (4)2*+ + (—2)}
— [ (Dt + (=2)2® + (3)x* + + (—5)}
=(3—-0)2° 4+ (0 — D)a* + (=7 — (=2)2* + (4 — 3)2* + +(—2 — (-5H))

=325 —2* — 5+ 2%+ 3

Below are three examples of polynomial multiplication.

o 2r—4)=2rx—-2(4)=2x-38

o 4x*(x 4+ Tx — 2) = da*x® + 427w — 4272
= 42° 4 282" — 87

o (327 +4x)(at —22° +5) = (32 + 4a)2* — (327 4 42)22° + (32 + 42)5
= 3%zt + daat — 322203 — 42223 + 32°5 + 425
= 32°% + 42° — 62° — 82" + 152* + 20z
= 32°% — 22° — 82" + 152” + 20z
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Leading term of a product is the product of leading
terms

Notice that in each of the three examples above, the leading term of the
product is the product of the leading terms. That is, the leading term of
2(x — 4) is the product of 2 and z. The leading term of 4a?(x3 + Tx — 2)
is 42° = (42?)(2?), and the leading term of (32 + 4x)(x? — 22° + 5) is
32% = (322)(x%).

These examples illustrate an important feature of polynomial multiplica-
tion: If you multiply some polynomials together, no matter how many poly-
nomials, you can find the leading term of the resulting product by multiplying
together the leading terms of the polynomials that you started with.

Examples.

e The leading term of 22? — 5z is 222, The leading term of —7x + 4
is —7x. So the leading term of (22 — 5z)(—7x + 4) will be
(22%)(—Tx) = —142°.

e The leading term of 5(x — 2)(x + 3)(x? + 3x — 7) will be
(5)(z)(z)(2?) = ba™.

e The leading term of (223 — 7)(2° — 3z + 5)(x — 1)(52" + 62 — 9)
equals (22%)(2°)(x)(52") = 10210,
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Exercises

For #1-5, find the degree, leading coefficient, and leading term of the given
polynomials.

1) 223 — 22 + T — 4
2.) —x? + 7w
3)x—T

4.) 23x° — 100 + 3z!7
5.) —4dx + 2

For #6-16, add, subtract, or multiply the polynomials as indicated in the
problem.

6.) 2z +3) + (—x+5)

7.) (322 — 2+ 6) — (322 + 2 — 6)

8.) (8z? —bx —2) + (4a° —2*+ 32 +7)
9.) (720 + 2 —3) — (72'% + 172 + 10)
10.) (—2% + 42 +2) — (5ot — 22 + 22 — 8)
11.) 32%(z +7)

12.) —5z(2x — 3)

13.) 62%(3z +1)

14.) 2z(2® + 4z — 6)

15.) (2 +6)(x — 5)

16.) (52° + 8)(a? + 2z — 1)
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