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Reminder: Relationship Between Degrees and Radians

A radian is defined as an angle 0 subtended at the center of a circle for which the arc length is
equal to the radius of that circle (see Fig.1).

arc length = radius
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Fig.1. Definition of a radian.

The circumference of the circle is equal to 2TTR, where R is the radius of the circle. Consequently,
360°=21T radians. Thus,

1 radian=360°/2TT ~ 57.296°
1° = (211/360) radians ~ 0.01745 radians

The Unit Circle

In mathematics, a unit circle is defined as a circle with a radius of 1. Often, especially in
applications to trigonometry, the unit circle is centered at the origin (0,0) in the coordinate plane.
The equation of the unit circle in the coordinate plane is

x2+y>=1.

As mentioned above, the unit circle is taken to be 360°, or 21T radians. We can divide the
coordinate plane, and therefore, the unit circle, into 4 quadrants. The first quadrant is defined in
terms of coordinates by x>0, y>0, or, in terms of angles, by 0°<0<90°, or 0<0<11/2. The second
quadrant is defined by x<0, y>0, or 90°<0<180°, or T1/2<0<TT. The third quadrant is defined by
x<0, y<0, or 180°<0<270°, or T<O<3T1/2. Finally, the fourth quadrant is defined by x>0, y<0, or
270°<0<360°, or 3T1/2<0<2TT.



Trigonometric Functions
Definitions of Trigonometric Functions For a Right Triangle

A right triangle is a triangle with a right angle (90°) (See Fig.2).
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Fig.2. Right triangle.

For every angle 0 in the triangle, there is the side of the triangle adjacent to it (from here on
denoted as “adj”), the side opposite of it (from here on denoted as “opp”), and the hypotenuse
(from here on denoted as “hyp”’), which is the longest side of the triangle located opposite of the
right angle. For angle 0, the trigonometric functions are defined as follows:
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Definitions of Trigonometric Functions For a Unit Circle

In the unit circle, one can define the trigonometric functions cosine and sine as follows. If (x,y) is
a point on the unit cirlce, and if the ray from the origin (0,0) to that point (x,y) makes an angle 0
with the positive x-axis, (such that the counterclockwise direction is considered positive), then,
cosB =x/1=x
sin@ =y/l1 =y

Then, each point (x,y) on the unit circle can be written as (cos, sin®). Combined with the

equation x2 + y2 = 1, the definitions above give the relationship sin?0+cos?0=1. In addition, other
trigonometric functions can be defined in terms of x and y:
tan® = sinB/cosB = y/x
cotd = cosB/sinO = x/y
secO = 1/cosO = 1/x
cscO = 1/sinB = 1/y

Fig.3 below shows a unit circle in the coordinate plane, together with some useful values of angle
0, and the points (x,y)=(cos0, sin0), that are most commonly used (also see table in the following
section).

Fig.3. Most commonly used angles and points of the unit circle.

Note: For 8 in quadrant I, sin8>0, cos8 >0; for 8 in quadrant II, sin8>0, cos0<0; for O in quadrant
I11, sinB<0, cosB<0; and for O in quadrant IV, sin 6



Exact Values for Trigonometric Functions of Most Commonly Used Angles

0 in degrees = 0 in radians sin@ cosO tan®
0 0 0 1 0
m 13 3
30 — - - -
6 2 2 3
L 2 2
45 — £ £ 1
4 2 2
Ll \E 1
60 —_ — N 3
3 2 2 \/>
TT
90 ? 1 0 undefined
180 T 0 -1 0
31
270 7 -1 0 undefined
360 21 0 1 0

Note: Exact values for other trigonometric functions (such as cot0, secB, and cscB) as well as
trigonometric functions of many other angles can be derived by using the following sections.

Trigonometric Functions of Any Angle 0' in Terms of Angle 0 in Quadrant I

o' sin@' cos®' tanO' o' sin@' cosO' tan®'
90°+6 90°-0
cos®  -sin® | -cotB cos® | sin@ | cotB
/246 T1/2-6
180°+6 180°-6
-sin@ | -cos®  tan® sin@ | -cos® -tan0
+0 -0
270°+0 270°-06
-cos® | sin@ | -cot® -cos® | -sin® = cotD
311/240 311/2-0
k(360°)+6 k(360°)-6

k(217)+0 sin@  cos®  tan® k(211)-6 -sin@  cos® @ -tan®

k=integer k=integer
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